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ABSTRACT
The subject of this paper is the generation of singularities of solutions of Hamilton–Jacobi equations set
in (0,∞)×Rn for data of class C∞. Shock waves originate from conjugate points. To show sharpness of
a known Hausdorff estimate, an example is given in which the set of conjugate, regular points includes
uncountably many afﬁne subspaces of dimension n− 1.
1. INTRODUCTION
We are in this paper concerned with generation of shock waves for Hamilton–Jacobi
equations of the form
ut +H(x,Du) = 0 in Q = (0,∞)×Rn,
(1)
u(0, x) = u0(x) in Rn.
The Hamiltonian H appearing in (1) is the Legendre–Fenchel transform of a
Lagrangian L. We assume the following conditions.
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(H1) The Lagrangian L is from C∞(Rn × Rn). It fulﬁlls D2vL(x, v) > 0 and
L(x, v) (|v|) for all (x, v) ∈ Rn × Rn where (s)/s → ∞ as s → ∞. The
Hamiltonian H is the Legendre–Fenchel transform of L, i.e.,
H(x,p) = max
v∈Rn
(〈p,v〉 −L(x, v)), (x,p) ∈Rn ×Rn.
(H2) The initial function u0 is from C∞(Rn) and u0(x)  −C(1 + |x|) for some
constant C  0.
Condition (H1) ensures that H ∈ C∞(Rn ×Rn) and D2pH > 0 in Rn ×Rn.
Assume for the moment that n = 1. Then, as veriﬁed in [3], u is a viscosity
solution of (1) if and only if w = ux is an admissible weak solution of the
conservation law
wt +H(x,w)x = 0 in Q,(2)
w(0, x) = u′0(x) in R.
The viscosity solution u is not differentiable everywhere, in general. Once they
form, singularities in the form of jump discontinuities in w = ux propagate as
shock waves for eternity. Each shock Xj is a locally Lipschitz continuous function
of time t ∈ [τj ,∞) where τj > 0. Article [8] contains an example where the
number of shocks is uncountable. This example disproves the earlier assertion in
the literature that the set of shocks be at most countable (e.g., [10], Theorem 1,
and [4], Corollary 4.2). The contribution of the present paper is an analogous
example illuminating how rich the set of shock generation points can be in the
multidimensional case. However, we give ﬁrst a one-dimensional example similar
to that in [8]. Our one-dimensional example exhibits an uncountable set of regular
points from each of which a shock originates; see Example 1 and Proposition 1.
After a one-dimensional review and Example 1 in Sections 3 and 4, respectively,
we turn our attention to shock generation in the multidimensional case. In Section 5,
we derive for the model Hamiltonian H(x,p) = 12 |p|2 conditions for the absence of
shocks for times 0 < t  t¯ but for a “prescribed” set of conjugate points at time t¯ .
In doing so we are led to the Monge–Ampère equation. We present an example
where the set of conjugate and regular points at t¯ is composed of uncountably
many distinct afﬁne subspaces of dimension n − 1; see Example 2 and Theorem 4.
Example 2 encompasses Example 1 as a special case.
2. PREREQUISITES
We recall the variational character of Cauchy problem (1). Under conditions (H1)
and (H2), a viscosity solution u(t, x) of (1) is given by the value function of an
associated variational problem. We consider the functional
t(x) = u0
(
x(0)
)+
t∫
0
L
(
x(s), x˙(s)
)
ds, x ∈ A(t, x),
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where the set of admissible arcs A(t, x) is chosen as
A(t, x) = {x ∈ AC([0, t];Rn): x(t) = x}.
Then, the value function is deﬁned by
u(t, x) = inf
x∈A(t,x)t (x), (t, x) ∈ Q.(3)
In general, due to nonuniqueness of minimizing arcs, the value function u fails
to be differentiable everywhere. Still, the value function u is locally semiconcave
throughout Q, i.e., for each compact, convex set C ⊂ Q there exists α > 0 such
that u(t, x) − α(t2 + |x|2) is a concave function of (t, x) ∈ C. Moreover, the value
function is a viscosity solution of (1) [9]. It is the unique viscosity solution u ∈
C(Q) of (1) satisfying a lower bound of the form u(t, x)  −CT (1 + |x|) when
(t, x) ∈ (0, T ) ×Rn for any T > 0 [11]. This lower bound can be removed, i.e., the
value function is unique in the class of all viscosity solutions, e.g., when H(x,p) is
independent of x [12,13].
In order to proceed we adopt standard notation and terminology (see in particular
monograph [1]).
Deﬁnition 1. A point (t, x) ∈ Q is called a singular point if u fails to be
differentiable at (t, x). The singular set consists of all singular points in Q. It is
denoted by .
It is well known that (t, x) is a member of  if and only if u(t, ·) fails to be
differentiable at x. For each y ∈ Rn and t ∈ [0,∞), let (x(t, y),p(t, y)) denote the
solution of Hamilton’s system
x˙(t) = DpH
(
x(t),p(t)
)
,(4)
p˙(t) = −DxH
(
x(t),p(t)
)
,(5)
subject to the initial condition (x(0),p(0)) = (y,Du0(y)).
Deﬁnition 2. A point (t, x) ∈ Q is called conjugate for the variational problem (3)
if there exists a point y ∈ Rn such that x(t, y) = x, x(·, y) is a minimizer for (3), and
detDyx(t, y) = 0. The set of conjugate points is denoted by .
An arc x ∈ A(t, x) is an extremal for the minimization problem (3) precisely if it
is of the form x(·, y) for some initial point y ∈ Rn. As regards classical necessary
conditions for a minimum, we recall that every minimizing curve x(·) for (3) is
an extremal having the property that (s,x(s)) does not belong to  ∪  for any
s ∈ (0, t). It is also classical that a point (t, x) of Q belongs to  if and only if
there exist at least two distinct minimizing arcs ending at (t, x). For proofs see, e.g.,
Theorem 6.4.6 and Corollary 6.4.10 in [1].
Theorem 1. Let (H1) and (H2) be fulﬁlled. Then the following assertions hold.
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(i)  =  ∪  and u ∈ C∞(Q \).
(ii) The differential of the value function u is continuous on Q \.
(iii) Let (t¯ , x¯) ∈  and let x(·, y¯) be a minimizing arc for (t¯ , x¯) such that
detDyx(t¯ , y¯) = 0. Then
∥∥D2u(t,x(t, y¯))∥∥→ ∞ as t → t¯−.
Proof. See Corollary 3.2 and Theorem 2.11 in [2] for proofs of (i). (ii) Since u is
locally semiconcave in Q and differentiable in the complement of , du = (ut ,Du)
is continuous on Q \  by convex analysis. Indeed, the differential of a convex
function is continuous wherever it exists. Part (iii) was demonstrated in Theorem 3.8
of [2]. 
We focus in this paper on  \  since points in this set are, in particular, shock
generation points. Indeed, given (t¯ , x¯) ∈  \  (or in  ∪ ), there exists M > 0
such that, for each sufﬁciently small ε > 0 there is some xε such that |xε − x¯| < εM
and (t¯ + ε, xε) ∈ . This is the content of Lemma 3.1 of [2]. We are interested in the
size of  \. The following Hausdorff estimate is a particular case of Theorem 4.17
of [2].
Theorem 2. Let (H1) and (H2) be fulﬁlled. Then the Hausdorff dimension of  \
does not exceed n− 1.
Example 2 and Theorem 4 in the last section show that  \ can be a rich set of
Hausdorff dimension n− 1.
We ﬁnd it convenient to deﬁne, for t > 0,
(t) = {x ∈R: (t, x) ∈ } and (t) = {x ∈ R: (t, x) ∈ }
and similarly for other subsets of Q in place of  or .
3. A REVIEW OF THE ONE-DIMENSIONAL CASE
Let n = 1. Then w = ux is an admissible weak solution of the conservation law (2).
Hence, the characterization due to Dafermos [4] of shock sets of one-dimensional
conservation laws can be applied to (1). Pivotal in this context is the concept of
generalized characteristics. A locally Lipschitz continuous curve x = X(t) deﬁned
for τ  t < ∞, where τ  0, is called a generalized characteristic if, for almost all
t ∈ (τ,∞),
X˙(t) ∈ [Hp(X(t), ux(t,X(t)+)),Hp(X(t), ux(t,X(t)−))].
Issuing from any point (t¯ , x¯) ∈ Q there is a unique forward characteristic deﬁned on
[t¯ ,∞). If t¯ > 0, then there exists at least one backward characteristic, deﬁned in the
time interval [0, t¯], emanating from (t¯ , x¯); it is nonunique in general. Then, in fact,
denoting by X− and X+ the minimal and the maximal backward characteristics
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emanating from (t¯ , x¯), respectively, the sector conﬁned between the graphs of
X− and X+ is ﬁlled with characteristics connecting (t¯ , x¯) with the x-axis [5],
Section 11.1. We give a sample of relevant results about shock waves imported
from [4]. The singular set  is included in the union S of a family of graphs (shock
curves)
{(t, x): τj  t < ∞, x = Xj (t)}
of locally Lipschitz continuous arcs Xj : [τj ,∞) → R where 0 < τj < ∞. We refer
to each Xj as a shock and to S as the shock set. The index j ranges over an
index set J . Each shock Xj is a generalized forward characteristic in the maximal
time interval [τj ,∞) with the property that all points of the form (t,Xj (t)) with
t ∈ (τj ,∞) are included in . Each initial point (τj ,Xj (τj )) is called a shock
generation point. It is a conjugate point [4], Section 5. Conversely, each regular,
conjugate point is a shock generation point [4], Section 5. A shock generation point
(t¯ , x¯) may also be a singular point which happens if and only if it is the focus of
a centered compression wave. This means that there exists an interval Y , whose
length is positive, such that x(·, y) is an optimal trajectory for (t¯ , x¯) for each y ∈ Y .
Furthermore, let
S◦ =
⋃
j∈J
{(t, x): τj < t < ∞, x = Xj (t)},
i.e., S with the shock generation points deleted. Let
G = {(τj ,Xj (τj )): j ∈ J}
denote the set of shock generation points. Moreover, let C be deﬁned as the set of
foci of centered compression waves. We collect some basic results in a theorem.
Theorem 3. Let (H1) and (H2) be fulﬁlled with n = 1. Then
(i)  = C ∪ S◦;
(ii) the shock set S is closed, S =  =  ∪ , and u ∈ C∞(Q \ S); and
(iii) G \ C =  \.
Proof. Assertions (i), (iii), the closedness of S and u ∈ C∞(Q \ S) were obtained
in [4]. The identity  =  ∪ was derived in [2]. To verify the rest of (ii) we show
that  = S . To this end, it sufﬁces to prove that S ⊂ S◦ in view of S◦ ⊂  ⊂ S . Let
(t¯ , x¯) ∈ S and choose a sequence {(tk, xk)} in S converging to (t¯ , x¯). For each k ∈N,
there exists an index jk ∈ J such that (tk, xk) belongs to the graph of Xjk . Choose
t˜k > tk such that
∣∣(t˜k,Xjk (t˜k))− (tk,Xjk (tk))∣∣< 2−k.
Then (t˜k,Xjk (t˜k)) ∈ S◦ and (t˜k,Xjk (t˜k)) has the same limit as (tk, xk); hence
(t˜k,Xjk (t˜k)) → (t¯ , x¯) as k → ∞ which shows that (t¯ , x¯) ∈ S◦. 
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4. A ONE-DIMENSIONAL EQUATION WITH UNCOUNTABLY MANY SHOCKS CURVES
We consider the initial-value problem
ut + 12 (ux)
2 = 0, (t, x) ∈ Q,(6)
u(0, x) = u0(x), x ∈R,(7)
for a speciﬁc initial function u0 ∈ C∞(R) which we construct as follows.
Example 1. Let K ⊂ [0,1] denote Cantor’s middle thirds set. Let f ∈ C∞(R) be
nonnegative and such that K = f−1(0) and f (y) = 1 when |y| 2. Set
u0(y) = −y
2
2
+	(y),
where 	 ′′(y) = f (y). Then u′′0(y) = 0 when |y|  2 and so u′0 is bounded, i.e.,
u0 ∈ C∞(R) is globally Lipschitz continuous. The unique viscosity solution u(t, x)
of (6)–(7) is the associated value function given by the Hopf–Lax formula [7,9,12]
u(t, x) = min
y∈R
(
u0(y)+ (x − y)
2
2t
)
, (t, x) ∈ Q.
The extremal emanating from a point y is given by
x(t, y) = y + tu′0(y), t ∈ [0,∞).
We note that, for any t ∈ (0,1),
xy(t, y) = 1 − t + tf (y) 1 − t > 0,
and thus x(t, ·) is strictly increasing. Let us now consider t = 1. We have xy(1, y) =
f (y) and so xy(1, y) = 0 if and only if y ∈ K . In particular, also x(1, y) is a strictly
increasing function of y ∈ R since f is positive on R \ K , which is a dense subset
of R. (Put differently, these conclusions follow from the strict convexity of 	 .)
Hence, no pair of distinct characteristics crosses in (0,1] × R. It ensues that there
is absence of singular points in (0,1] ×R, i.e.,
(
(0,1] ×R)∩ = ∅.
There are no conjugate points for times 0 < t < 1, i.e.,
(
(0,1)×R)∩  = ∅.
However, if E = x(1, ·)(K), then (i) {1}×E ⊂ , in fact, E = (1); and (ii) E is an
uncountable set being the image of the Cantor set under an injective function. To
verify statement (i) we notice that, for any y ∈ R, the unique minimizer for the point
P(y) = (1,x(1, y)) is the unique extremal x(·, y) passing through P(y) restricted to
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the time interval [0,1]. It is therefore clear that, if y ∈ K , then the minimizing
arc x(·, y) satisﬁes xy(1, y) = 0 and hence P(y) ∈ . On the other hand, if y /∈ K ,
then xy(1, y) > 0 whence P(y) /∈ . As the image of K under a strictly increasing
function, (1) = E certainly is uncountable.
We are now in a position to state some results about (6)–(7) for the particular
initial function u0 constructed above.
Proposition 1. Let u0 be the function constructed in Example 1. Then, as regards
Cauchy problem (6)–(7), (t) = ∅ when t ∈ (0,1], (t) = ∅ when t ∈ (0,1), while
(1) is the image of Cantor’s middle thirds set under the strictly increasing C∞
function x(1, ·) hence uncountable. A shock emanates from each point of the form
(1,x(1, y)) where y ∈ K. In particular, the set of shock generation points and
consequently the set of shocks are uncountable.
Proof. Theorem 3(iii) tells us that every point in  \ is a shock generation point.
Hence, a shock issues from each point of the form (1,x(1, y)) where y ∈ K . 
While indisputably uncountable in general, the set of shocks, in a sense, resem-
bles a countable collection of graphs. Namely, for any ﬁxed t > 0, the set of points x
such that (t, x) belongs to the singular set is at most countable.
Proposition 2. Let (H1) and (H2) be fulﬁlled where n = 1. Then (t) is at most
countable for every t > 0.
Proof. The analogous result for conservation laws is well known; see, e.g., Corol-
lary 4.1 in [4]. We include an easy proof for (1). Since u is locally semiconcave,
and u is differentiable at (t, x) precisely if u(t, ·) is differentiable at x, it sufﬁces
to prove that a general locally semiconcave function g :R → R is differentiable
everywhere except on an at most countable set. For each positive integer n there
exists a constant αn > 0 such that g(x)− αnx2 is a concave function of x ∈ [−n,n].
It follows that g(x) − αnx2 and hence g(x) are differentiable in [−n,n] except for
a set consisting of at most countable many points. The set of points in R where g
fails to be differentiable is, hence, at most countable. 
In particular, S◦(t) is at most countable for every t > 0 in view of S◦ ⊂ . Still,
S◦ is composed of uncountable many arcs, in general. By contrast, in our example
above, S(1) is uncountable. In view of Proposition 2, Proposition 1 might seem
paradoxical. However, one should bear in mind that two colliding shocks merge to
form a single shock trajectory after the collision. It is well known that a given shock
interacts with no more than countably many shocks [4], Theorem 4.3. Each such
interacting shock, in its turn, is subject to intersections with at most countably many
other shocks. In Example 1, due to a complex and massive interaction of shocks, the
uncountable collection of shock waves issuing from the points (1,x(1, y)), y ∈ K ,
reduces to an at most countable family immediately after its birth at time t = 1.
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5. A MULTIDIMENSIONAL EXAMPLE
Let us consider the Cauchy problem
ut + 12 |Du|
2 = 0, (t, x) ∈ Q,(8)
u(0, x) = u0(x), x ∈Rn.(9)
Its unique viscosity solution admits the representation
u(t, x) = inf
y∈Rn
(
u0(y)+ |x − y|
2
2t
)
, (t, x) ∈ Q.(10)
The corresponding ﬁeld of extremals is given by
x(t, y) = y + tDu0(y), t ∈ [0,∞), y ∈Rn.
Given t¯ > 0 and a closed nonempty set F ⊂ Rn, we investigate under what
conditions on the initial function u0, both of the following conditions are fulﬁlled:
(i) There are no singular points in (0, t¯] ×Rn, i.e.,
(
(0, t¯] ×Rn)∩ = ∅;
(ii) (t¯) = x(t¯ , ·)(F ).
We note that (i) implies that x(t, ·) is injective for each t ∈ (0, t¯]. We attempt to
control the formation of shocks so that it starts at the given moment t¯ . At time t¯
we ask that the conjugate points are precisely the image of F under the ﬁeld of
extremals. Example 1 contains a solution for n = 1, t¯ = 1 and F = K , the Cantor
set.
We recast (10) as
u(t, x) = |x|
2
2t
−
(
u0(·)+ | · |
2
2t
)∗
(x/t), (t, x) ∈ Q,
where the asterisk denotes Legendre–Fenchel transformation, to ﬁnd that u(t, ·) is
differentiable in Rn if and only if
y → u0(y)+ |y|
2
2t
is a strictly convex function.
Since differentiability of u(t, ·) at x implies that of u at (t, x), we infer that condi-
tion (i) is equivalent to
y → u0(y)+ |y|
2
2t¯
is a strictly convex function.(11)
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This conclusion holds even if u0 is merely lower semicontinuous [14]. We express
(11) by substituting
t¯u0(y) = −12 |y|
2 +	(y), y ∈Rn,(12)
where 	 is a strictly convex function from C∞(Rn). Then
x(t¯ , y) = D	(y)
which is a strictly monotone hence injective mapping of y ∈ Rn owing to the strict
convexity of 	 . We proceed to condition (ii). We have
Dyx(t¯ , y) = D2	(y),
and so a point of the form (t¯ ,x(t¯ , y)) is a member of  if and only if
detD2	(y) = 0.
Proposition 3. Let (H2) be satisﬁed. Let t¯ > 0 and let 	 be deﬁned by (12). Then,
conditions (i) and (ii) are met if and only if 	 is a strictly convex function satisfying
detD2	(y) = 0 ⇐⇒ y ∈ F.
We attempt to construct an initial function such that (i) and (ii) are fulﬁlled. Let
f ∈ C∞(Rn) be a nonnegative function with the property that f−1(0) = F . In view
of Proposition 3 it makes sense to consider the Monge–Ampère equation
	 is convex and detD2	(y) = f (y), y ∈ Rn.(13)
If (13) admits a strictly convex C∞ solution 	 and u0 is deﬁned by (12), then (i)
and (ii) are fulﬁlled.
We are now in the position to present our multidimensional example.
Example 2. Let K ⊂ [0,1] be the Cantor set. Consider
F = {(y1, y2, . . . , yn) ∈Rn: yi ∈ K for some i}.
Let ϕ ∈ C∞(R) be nonnegative and such that K = ϕ−1(0) and ϕ(s) = 1 when
|s| 2. It is easily checked that
	(y) = 	(y1, y2, . . . , yn) =
n∑
i=1
ψ(yi)
is a strictly convex solution of (13) provided that ψ ′′ = ϕ and
f (y) = f (y1, y2, . . . , yn) =
n∏
i=1
ϕ(yi).
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Also, f  0 and f−1(0) = F . To conﬁrm that u0, related to 	 by (12), satisﬁes
(H2) it sufﬁces to note that the components of Du0(y) given by (−yi + ψ ′(yi))/t¯
are bounded. Thus u0 is globally Lipschitz continuous.
We note that F is the union of an uncountable family of distinct hyperplanes,
namely, of
Yi,c: yi = c; i = 1,2, . . . , n, c ∈ K.
It follows that the image x(t¯ , ·)(F ) is the union of the sets Xi,c = x(t¯ , ·)(Yi,c). The
image sets Xi,c are also hyperplanes parameterized by i and c, namely
Xi,c: xi = ψ ′(c); i = 1,2, . . . , n, c ∈ K.
Note that ψ ′ is a strictly increasing bijection R → R. Clearly, each {t¯} × Xi,c is
included in  \. In fact,
(t¯) =
⋃
Xi,c, (t¯) = ∅.
Since Xi,c and Xi,c′ are disjoint if c and c′ are distinct elements of K , the set of
hyperplanes
{Xi,c: i = 1, . . . , n, c ∈ K}
is uncountable.
Theorem 4. Let 	 be the function constructed in Example 2. Let t¯ > 0 and let
u0 be deﬁned by (12). Then, as regards Cauchy problem (8)–(9), (t) = ∅ when
t ∈ (0, t¯], (t) = ∅ when t ∈ (0, t¯), while (t¯) is the union of uncountably many
distinct hyperplanes in Rn. Furthermore, the Hausdorff dimension of  \ is n−1.
Proof. The only statement that might need a proof is that on the Hausdorff
dimension d of  \ . According to Theorem 2, d  n − 1. Since each hyperplane
Xi,c included in ( \)(t¯) has dimension n− 1, we have d  n− 1. 
Example 2 and Theorem 4 show that  \  can be a very large set of Hausdorff
dimension n− 1.
We remark that, for a general closed set F , classical solvability of the Monge–
Ampère equation (13) is an intricate problem since it is posed in the whole of Rn
and f is not a positive function. Nevertheless, (13) is known to possess a local
convex C2 solution in a neighborhood of any point y¯; see Theorem 1 of [6].
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